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O
u
tlin
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•
In

tro
d
u
ctio

n
–

E
q
u
ilib

riu
m

 system
s

–
T
h
eo

retical b
ackg

ro
u
n
d

–
N

o
n
-eq

u
ilib

riu
m

 system
s 

–
N

o
n
-eq

u
ilib

riu
m

 system
s 

–
Flu

ctu
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n
s an

d
 sm

all system
s: an

 exam
p
le 

•
Flu

ctu
atio

n
 th

eo
rem

s
–

C
ro

o
ks’ flu

ctu
atio

n
 th

eo
rem

–
P
ro

o
f th

ereo
f

–
T
w

o
 p

articu
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ski’ eq
u
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d
 G

allavo
tti-

C
o
h
en

’s flu
ctu

atio
n
 th

eo
rem

•
S
u
m

m
ary



Introduction: E
quilibrium

 system
s

E
quilibrium

 system
s

•
A
 th

erm
o
d
yn

am
ic system

 is said
 to

 b
e in

 th
e
rm

o
d

y
n

a
m

ic 
e
q

u
ilib

riu
m

if

w
h
ere            d

en
o
tes th

e p
h
ase-sp

ace d
istrib

u
tio

n
 at 

p
o
sitio

n
    an

d
 tim

e   .
•

A
 th

erm
o
d
yn

am
ic system

 is in
 th

e
rm

o
d

y
n

a
m

ic q
u

a
si-

e
q

u
ilib

riu
m

 if            varies very slo
w

ly in
 tim

e. 

•
E
q
u
ilib

riu
m

 system
s o

b
ey classical th

erm
o
d
yn

am
ics.



Introduction: E
quilibrium

 system
s

Theoretical background

•
1

st
law

 o
f th

erm
o
d
yn

am
ics:

w
h
ere

–
is th

e h
eat tran

sferred
 to

 th
e system

.
–

is th
e h

eat tran
sferred

 to
 th

e system
.

–
is th

e w
o
rk p

erfo
rm

ed
 u

p
o
n
 it.

•
2

n
d

law
 o

f th
erm

o
d
yn

am
ics:

T
h
e en

tro
p
y o

f a th
erm

ally iso
lated

 system
 th

at is n
o
t in

 
eq

u
ilib

riu
m

 w
ill ten

d
 to

 in
crease o

ver tim
e, ap

p
ro

ach
in

g
 

a m
axim

u
m

 valu
e at eq

u
ilib

riu
m

.

o
r:



Introduction: E
quilibrium

 system
s

Theoretical background (2)

•
C
o
n
sid

er a system
 co

u
p
led

 to
 a h

eat b
ath

 at co
n

sta
n

t 
te

m
p

e
ra

tu
re

. 
•

If w
e p

erfo
rm

 so
m

e w
o
rk      u

p
o
n
 th

e system
, th

e to
tal 

en
tro

p
y ch

an
g
e o

f th
e u

n
iverse b

etw
een

 its in
itial an

d
 fin

al 
co

n
fig

u
ratio

n
s is

co
n
fig

u
ratio

n
s is

w
h
ere

–
is th

e free en
erg

y d
ifferen

ce o
f th

e system
.

–
is th

e tem
p
eratu

re o
f th

e h
eat b

ath
.



Introduction: N
on-equilibrium

 system
s

N
on-equilibrium

 system
s

•
A
 th

erm
o
d
yn

am
ic system

 is said
 to

 b
e in

 th
e
rm

o
d

y
n

a
m

ic 
n

o
n

-e
q

u
ilib

riu
m

if

w
h
ere            d

en
o
tes th

e p
h
ase-sp

ace d
istrib

u
tio

n
 at 

p
o
sitio

n
    an

d
 tim

e   .
•

S
ystem

s th
at sh

are en
erg

y w
ith

 o
th

er system
s are n

o
t in

 
eq

u
ilib

riu
m

.
•

M
o
st system

s fo
u
n
d
 in

 n
atu

re are n
o
t in

 eq
u
ilib

riu
m

.
•

C
lassical th

erm
o
d
yn

am
ics d

o
es n

o
t ap

p
ly to

 th
ese system

s.



Introduction: N
on-equilibrium

 system
s

Fluctuations and sm
all system

s

•
C
o
n
sid

er an
 id

eal g
as co

n
tain

in
g
      p

articles.
•

T
h
e kin

etic en
erg

y d
istrib

u
tio

n
 o

f th
e p

articles is d
escrib

ed
 

b
y th

e M
axw

ell-B
o
ltzm

an
n
 d

istrib
u
tio

n
.

•
T
h
en

an
d

•
T
h
e flu

ctu
atio

n
s are o

f o
rd

er              . 



Fluctuation theorem
s

Fluctuation theorem
s

•
O

n
ly a sm

all n
u
m

b
er o

f variab
les are n

eed
ed

 to
 d

escrib
e an

 
eq

u
ilib

riu
m

 system
.

•
N

o
n
-eq

u
ilib

riu
m

 system
s can

n
o
t b

e d
escrib

ed
 in

 th
at w

ay.

•
T
h
e co

n
tro

l p
a
ra

m
e
te

r
is th

e variab
le th

at m
u
st b

e 
sp

ecified
 to

 u
n
am

b
ig

u
o
u
sly d

efin
e th

e system
’s state, w

h
ile 

o
th

er variab
les are allo

w
ed

 to
 flu

ctu
ate.

e.g
. strin

g
 o

f m
o
n
o
m

ers in
 w

ater at co
n
stan

t tem
p
eratu

re

C
o
n
tro

l p
aram

eter: len
g
th

C
o
n
tro

l p
aram

eter: fo
rce



Fluctuation theorem
s: C

rooks' fluctuation theorem

C
rooks’ fluctuation theorem

 (C
FT)

G
. E. C

rooks, Phys. R
ev.E 60, 2721 (1999)

•
C
o
n
sid

er so
m

e fin
ite

 cla
ssica

l sy
ste

m
co

u
p
led

 to
 a 

co
n

sta
n

t te
m

p
e
ra

tu
re

h
eat b

ath
.

•
It is th

en
 d

riven
 o

u
t o

f eq
u
ilib

riu
m

 b
y so

m
e tim

e-d
ep

en
d
en

t 
w

o
rk p

ro
cess d

escrib
ed

 b
y a co

n
tro

l p
aram

eter        .
w

o
rk p

ro
cess d

escrib
ed

 b
y a co

n
tro

l p
aram

eter        .

•
T
h
e d

yn
am

ics o
f th

e system
 are req

u
ired

 to
 b

e:
–

sto
ch

astic
–

M
arko

vian
–

m
icro

sco
p
ically reversib

le



Fluctuation theorem
s: C

rooks' fluctuation theorem

C
rooks’ fluctuation theorem

 (2)

•
T
h
en

 C
ro

o
k
s’ flu

ctu
a
tio

n
 th

e
o

re
m

asserts

w
h
ere

–
is th

e en
tro

p
y p

ro
d
u
ctio

n
 o

f th
e system

 an
d
 th

e h
eat 

b
ath

 o
ver so

m
e tim

e in
terval.

–
th

e p
ro

b
ab

ility o
f a g

iven
 en

tro
p
y p

ro
d
u
ctio

n
 

alo
n
g
 th

e fo
rw

ard
 / reverse p

ath
.

•
C
FT

 g
en

eralizes to
 system

s co
u
p
led

 to
 a set o

f b
ath

s, each
 

b
ein

g
 ch

aracterized
 b

y a co
n
stan

t in
ten

sive p
aram

eter.



Fluctuation theorem
s: C

FT consequences

C
FT: consequences

•
T
h
u
s w

e h
ave

an
d
 w

e kn
o
w

 th
at th

e en
tro

p
y –

h
en

ce th
e en

tro
p
y 

p
ro

d
u
ctio

n
 –

is an
 exten

sive q
u
an

tity, i.e. in
creases w

ith
 

in
creasin

g
 vo

lu
m

e o
f th

e system
.

•
T
h
is statem

en
t so

lves L
o

sch
m

id
t’s p

a
ra

d
o

x
:

“S
in

ce th
e m

icro
sco

p
ic law

s o
f m

ech
an

ics are in
varian

t 
u
n
d
er tim

e reversal, th
ere m

u
st also

 exist en
tro

p
y-

d
ecreasin

g
 evo

lu
tio

n
s, in

 ap
p
aren

t vio
latio

n
 o

f th
e 2

n
d

law
.”



Fluctuation theorem
s: Testing C

FT

Testing C
rooks’ fluctuation theorem

D
. C

ollin et al. , N
ature 437, 231-234 (2005)

D
ifferen

ce in
 p

o
sitio

n
s o

f th
e b

o
tto

m
 an

d
 to

p
 b

ead
s as 

co
n
tro

l p
aram

eter.
W

o
rk n

eed
ed

 to
 stretch

 th
e R

N
A
 m

o
lecu

le flu
ctu

ates.



Fluctuation theorem
s: Testing C

FT

Testing C
FT (2)

•
T
h
e u

n
fo

ld
in

g
 an

d
 refo

ld
in

g
 p

ro
cesses n

eed
 to

 b
e related

 b
y 

tim
e-reversal sym

m
etry.

•
If th

e m
o
lecu

lar tran
sitio

n
 starts in

 an
 eq

u
ilib

riu
m

 state an
d
 

reach
 a w

ell-d
efin

ed
 fin

al state. T
h
e C

FT
 p

red
icts:

S
in

ce
.

•
T
h
e C

FT
 d

o
es n

o
t req

u
ire th

at th
e system

 stu
d
ied

 reach
es 

its fin
al eq

u
ilib

riu
m

 state im
m

ed
iately after th

e u
n
fo

ld
in

g
 

an
d
 refo

ld
in

g
 p

ro
cesses h

ave b
een

 co
m

p
leted

.



Fluctuation theorem
s: Testing C

FT



Fluctuation theorem
s: P

roof of C
FT

P
roof of C

FT

•
C
o
n
sid

er a fin
ite classical system

 co
u
p
led

 to
 a h

eat b
ath

 at 
co

n
stan

t tem
p
eratu

re.

•
S
tate o

f th
e system

 sp
ecified

 b
y      an

d
     .

•
P
articu

lar p
ath

 d
en

o
ted

 b
y: 

,

th
e co

rresp
o
n
d
in

g
 reversed

 p
ath

 b
y:

w
h
ere w

e sh
ifted

 o
rig

in
 su

ch
 th

at:



Fluctuation theorem
s: P

roof of C
FT

P
roof of C

FT (2)

•
D

yn
am

ics are sto
ch

astic, M
arko

vian
 an

d
 satisfy th

e 
fo

llo
w

in
g
 m

icro
sco

p
ically reversib

le co
n
d
itio

n
:

w
h
ere

is th
e h

eat o
r 

am
o
u
n
t o

f
en

erg
y tran

sferred
 to

 th
e system

 fro
m

 th
e b

ath
 

alo
n
g
 th

e p
ath

.
•

Let
d
en

o
te th

e p
h
ase-sp

ace d
istrib

u
tio

n
 at tim

e      
an

d
 p

o
sitio

n
    .

•
T
o
 b

e co
n
tin

u
ed

 o
n
 th

e w
h
ite b

o
ard

.    



Fluctuation theorem
s: C

FT particular cases: Jarzynski's equality

C
FT: particular cases

Jarzynski’s equality
C

. Jarzynski, Phys. R
ev. Lett. 78, 2690 (1997)

•
It fo

llo
w

s fro
m

 C
FT

 th
at fo

r system
s startin

g
 an

d
 en

d
in

g
 in

 
eq

u
ilib

riu
m

•
T
h
en

 in
teg

ratin
g
 o

ver       yield
s Ja

rzy
n

sk
i’s e

q
u

a
lity

w
h
ere th

e an
g
le b

rackets d
en

o
te an

 averag
e o

ver a larg
e 

n
u
m

b
er o

f n
o
n
-eq

u
ilib

riu
m

 p
ro

cesses b
etw

een
 th

e tw
o 

eq
u
ilib

riu
m

 states.



Fluctuation theorem
s: C

FT particular cases: Jarzynski's equality

Jarzynski’s equality (2)

•
Jarzyn

ski’s eq
u
ality h

o
ld

s fo
r system

s d
riven

 arb
itrarily far 

fro
m

 eq
u
ilib

riu
m

.
•

U
sin

g
 Jen

sen
’s in

eq
u
ality fo

r co
n
vex fu

n
ctio

n
s

o
n
e can

 read
ily sh

o
w

 th
at Jarzyn

ski’s eq
u
ality im

p
lies th

e 
2

n
d

law
 o

f th
erm

o
d
yn

am
ics

•
Jarzyn

ski’s eq
u
ality w

as su
ccessfu

lly tested
 in

 2
0
0
2
 b

y 
stretch

in
g
 a p

o
lym

er b
etw

een
 its fo

ld
ed

 an
d
 u

n
fo

ld
ed

 
co

n
fig

u
ratio

n
, b

o
th

 reversib
ly an

d
 irreversib

ly.



Fluctuation theorem
s: C

FT particular cases: Jarzynski's equality

Testing Jarzynski’s equality
J. Liphardt et al. , S

cience 296, 1832 (2002)

D
ifferen

ce in
 p

o
sitio

n
s o

f th
e b

o
tto

m
 an

d
 to

p
 b

ead
s as 

co
n
tro

l p
aram

eter.
W

o
rk n

eed
ed

 to
 stretch

 th
e R

N
A
 m

o
lecu

le flu
ctu

ates.



Fluctuation theorem
s: C

FT particular cases: Jarzynski's equality

C
o
m

p
are th

ree d
ifferen

t estim
ates fo

r
: 

–
th

e averag
e w

o
rk:

–
th

e flu
ctu

atio
n
 d

issip
atio

n
 estim

ate:

–
th

e estim
ate fro

m
 Jarzyn

ski’s eq
u
ality:



Fluctuation theorem
s: C

FT particular cases: G
allavotti-C

ohen's fluctuation theorem

C
FT: particular cases (2)

G
allavotti-C

ohen’s fluctuation theorem
G

. G
allavotti, E. C

ohen, P
hys. R

ev. Lett. 74, 2694 (1995)

•
A
 system

 d
riven

 b
y a tim

e sym
m

etric p
erio

d
ic p

ro
cess w

ill 
settle in

to
 a n

o
n

-e
q

u
ilib

riu
m

 ste
a
d

y
 sta

te
.

•
If w

e b
eg

in
 w

h
ere th

e co
n
tro

l p
aram

eter is also
 tim

e 
•

If w
e b

eg
in

 w
h
ere th

e co
n
tro

l p
aram

eter is also
 tim

e 
sym

m
etric, C

FT
 is valid

 fo
r an

y in
teg

er n
u
m

b
er o

f cycles 
an

d
 read

s

w
h
ere

–
is th

e en
tro

p
y p

ro
d
u
ctio

n
 o

f th
e system

 an
d
 th

e h
eat 

b
ath

 o
ver so

m
e tim

e in
terval.

–
th

e p
ro

b
ab

ility o
f a g

iven
 en

tro
p
y p

ro
d
u
ctio

n
 

alo
n
g
 th

e p
ath

.



Fluctuation theorem
s: C

FT particular cases: G
allavotti-C

ohen's fluctuation theorem

G
C

 fluctuation theorem
 (2)

•
S
in

ce th
e system

 b
eg

in
s an

d
 en

d
s in

 th
e sam

e p
ro

b
ab

ility 
d
istrib

u
tio

n
, th

e averag
e en

tro
p
y p

ro
d
u
ctio

n
 d

ep
en

d
s o

n
ly 

o
n
 th

e averag
e am

o
u
n
t o

f h
eat tran

sferred
 to

 th
e system

.
•

A
p
p
ro

xim
atio

n

w
h
ere      is th

e h
eat tran

sferred
 fro

m
 th

e b
ath

 to th
e 

system
 d

u
rin

g
 th

e tim
e   .

•
In

 th
e lo

n
g
-tim

e lim
it w

e o
b
tain

 G
a
lla

v
o

tti-C
o

h
e
n

’s 
flu

ctu
a
tio

n
 th

e
o

re
m

:



Fluctuation theorem
s: C

FT particular cases: G
allavotti-C

ohen's fluctuation theorem

G
C

 fluctuation theorem
 (2)

•
G

allavo
tti-C

o
h
en

’s flu
ctu

atio
n
 th

eo
rem

 sim
p
ly ig

n
ores th

e 
relatively sm

all an
d
 d

ifficu
lt to

 m
easu

re m
icro

sco
p
ic 

en
tro

p
y o

f th
e system

.
•

It is o
n
ly asym

p
to

tically tru
e, w

h
ereas C

ro
o
ks’ flu

ctu
atio

n
 

th
eo

rem
 is valid

 at an
y tim

e.
th

eo
rem

 is valid
 at an

y tim
e.

•
It w

as su
ccessfu

lly tested
 in

 2
0
0
5
, co

llectin
g
 th

e p
ro

b
ab

ility 
d
istrib

u
tio

n
s o

f p
o
w

er in
jected

 an
d
 d

issip
ated

 b
y a sm

all 
electrical d

ip
o
le th

at w
as m

ain
tain

ed
 in

 a n
o
n
-eq

u
ilib

riu
m

 
stead

y state b
y in

jectio
n
 o

f a co
n
stan

t cu
rren

t. 
(N

. G
arn

ier an
d
 S

. C
ilib

erto
,P

hys. R
ev. Lett. 71, 060101(2005)) 



S
um

m
ary

S
um

m
ary

•
Flu

ctu
atio

n
s can

n
o
t b

e n
eg

lected
 fo

r sm
all system

s.

•
T
h
ere are o

n
ly few

 an
alytic relatio

n
s in

 th
e n

o
n
-eq

u
ilib

riu
m

 
th

erm
o
d
yn

am
ics o

f sm
all system

s: th
ese are th

e so
-called

 
flu

ctu
atio

n
 th

eo
rem

s.
flu

ctu
atio

n
 th

eo
rem

s.

•
P
ath

s w
ith

 n
eg

ative en
tro

p
y p

ro
d
u
ctio

n
 are p

o
ssib

le, b
u
t 

b
eco

m
e exp

o
n
en

tially u
n
likely fo

r m
acro

sco
p
ic system

s (2
n
d

law
 o

f th
erm

o
d
yn

am
ics is n

o
t vio

lated
).

•
Flu

ctu
atio

n
 th

eo
rem

s allo
w

 fo
r a m

easu
rem

en
t o

f th
e free 

en
erg

y d
ifferen

ce b
etw

een
 tw

o
 eq

u
ilib

riu
m

 states u
sin

g
 

n
o
n
-eq

u
ilib

riu
m

 p
ro

cesses (C
FT

 an
d
 Jarzyn

ski eq
u
ality).


